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Abstract 
In order to construct efficient and motivational learning environments for the primary school, this paper proposes a design model 
for geometry-based simulation games. It is structured on the basis of the isomorphism found in the didactic process among three 
simulation games purposely conceived, designed, and developed: Cardland on the isometries, Similand on the similarities and 
Angleland on the angles.The paper presents and compares Cardland, Similand and Angleland, and highlights their structural 
characteristics and the isomorphism in the didactic process, that is invariant in respect to the content of each simulation game. 
The references take into account the theoretical framework and methodological choices, drawn from the recent research findings 
on the literature of the simulation games, and on the theory of learning, on the basis of which the simulation games are designed.  
On the basis of observed analogies, the paper describes the important elements of the design model developed, and explains the 
conceptual diagram, the design and assessment criteria, that have been assessed and validated in previous research carried out 
with Cardland. 
© 2015 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
This is a proposal for a design model for geometry based-simulation games, which originated from a research 
project, that aims to assess the methodological-didactic effectiveness of some simulation games for learning 
geometry with a view to integrate them into the primary school curriculum. The simulation games are purposely 
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devised, designed and developed (Piu, 2011) according to specific theoretical and methodological choices, drawn 
from the recent research findings on the literature of the simulation games, and on the theories of learning, giving the 
simulation games their own particular characteristics. Some of them have been tested (Fregola & Piu 2011; 2014) 
and others are underway of experimentation (Piu &  Fregola, 2011).  
The research was instigated following an analysis of the critical results achieved by Italian students in their 
learning of mathematics, as revealed in national surveys and in comparisons with other countries and in order to 
construct efficient and motivational learning environments for the primary school. 
The design model was used as a basis to design the three simulation games among Cardland on isometries, 
Similand on similarities, and Angleland on angles.  
In order to explain the design model, the paper uses the following path. First of all it describes Cardland, 
Similand, and Angleland, to allow readers to dive deeply into each game; after that it compares them and discusses 
them in both an analytic and a parallel manner, connecting them with the theoretical and methodological aspects 
used as a basis to design them. This way, by providing the basis for the model, the common structural characteristics 
as well as the isomorphism revealed in the didactic process are underlined; and finally, the paper discloses the 
structure of the model and its keynotes. 
2. The three simulation games: Cardland, Similand and Angleland. 
Cardland, Similand, and Angleland aim to promote the construction of mathematical thought processes and to 
develop an attitude towards mathematics, allowing the following to take place:   
Firstly to start the process of guided discovery and the comprehension of some mathematical concepts, as well as 
to encourage the gradual acquisition of mathematical language;  
Secondly to promote an appropriate vision of mathematics as a recognized subject, not merely as a set of rules to 
be memorized and applied, but rather valued as a context for addressing and posing important problems, and for 
exploring and observing fascinating relationships and structures found and recurring in nature and in human 
creations (Domenici & Frabboni, 2007). 
Cardland is a simulation game designed to introduce isometries to pupils in the fourth year of primary school. 
Within the field of educational objectives, the specific learning objectives of the game are: to identify direct and 
inverse congruent figures; to define the concept of isometry; to define/identify the characteristics of isometries in 
relation to the figure, the direction of travel and movement; and to identify direct and inverse congruent figures 
using translation, rotation, symmetry or a combination of translation and rotation; to create and use a “code” which 
the group can share to communicate the characteristics of the isometries. 
The simulation game is set in a paper city, whose inhabitants get upset when the map of the city, normally kept in 
the city’s museum, gets stolen (Fig. 1). The contestants, taking on the role of carto-detectives, under the guidance of 
their teacher, are tasked with retrieving the map, finding the thief, and telling the carto-general about the methods 
they use to carry out the investigation. The search for the thief takes place in the carto-lab, a room specially designed 
to conduct the investigation, where the children can first of all analyze the carto-rug. The rug consists of a long sheet 
of paper with the footprints of all the visitors to the museum, and, later, the outlines of the visitors. In other words, 
the photographs of those visitors entering the museum and those who got close to the map, which are symmetrical 
(Fig. 2).The search is carried out using transparent sheets, with the footprints and/or shapes drawn on them, being 
placed either over those drawn on the carpet, or on the shapes of the visitors, following precise rules to see whether 
they match or belong to the same person.  
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methods of conducting the investigation, and how they identified the thief and chosen the “code” they are going to 
use for the explanation they are preparing for the carto-general, which will be presented at the end of the game. 
Similand is a simulation game designed to introduce the notions of similarity to year five primary school children 
(Fig. 3). The general topic includes the following specific learning objectives: discerning identical figures among 
similar figures and diverse figures; comparing similar figures to identify regularities; describing similar figures in the 
children's own words; producing a definition “becoming larger" and "becoming smaller"; identifying the similarity 
between a figure and differently sized version of it (limited to double, triple, half, and a third); constructing a similar 
figure to an original one, given an indicated scale; creating and using economic terminology to use with the group to 
explain the nature of similarities. 
The simulation game is set in the room of a child called Amedeo. A magic storm makes the baby disappear, 
enlarges and shrinks his toy-car racing-track and multiplies the components of his game (cars, trucks, road signs, 
etc.) in different forms and scales, leaving some of them on the ground and some on each of the three tracks . 
Playing the role of sorcerer's apprentices, the participants, guided by the teacher, are asked to accept the challenge 
of the magician named Similius. He will bring Amedeo back only if the children manage to reassemble the games, as 
well as to identify the magic formula which determines which pieces to use and/or construct to restore the racing 
tracks (Fig. 4). 
In Amedeo's room the apprentices can analyze the individual pieces of the racing tracks (the model cars, buses, 
road signs, petrol pumps, etc.), which are individually drawn on graph paper and placed vertically on each track, and 
are able to identify the required ones in order to restore the three tracks, or provide any that are missing, in 
accordance with the following rules: comparing every "corresponding" side of a figure with its enlarged version, 
using the same “block” (a simple piece of polished wood) selected from those available (for example: a block, which 
perfectly matches the side of the figure, is chosen and is then used to compare the corresponding side of the enlarged 
figure, and so on); comparing corresponding angles using the available  "measuring tool" (two pieces of wood joined 
at one end so that the angle can be adjusted); for circles, placing one end of the block (selected from the available 
range) in the center of the circle and the other end on the circumference, and rotating it around while always keeping 
both ends of the block on the center and circumference.  
Since it is not always possible to use all of the rules and the measuring tools at the same time to compare and 
construct the figures, apprentices are invited to discuss the different tools and methods that may be used, and to 
make concise notes on what was done in order to define the "code" for the magic formula. In other words, during the 
game, children are encouraged to invent one or more symbols to help them remember the similarities found when 
comparing the figures. While investigating, children decide together the "magic formula", elaborated on the basis of 
the explanations they give to the choice of the figures to be placed on the tracks or that must be constructed. 
 
Fig. 3 Similand. 
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Angleland is a simulation game designed to introduce the notion of angularity to grade three primary school 
children. The general topic includes the following specific learning objectives: identifying the characteristics of the 
concept of angularity; recognizing, comparing and measuring angles; defining angles and their characteristics in the 
children's own words; creating and using an economic terminology shared by the group to explain the characteristics 
of an angle. 
The game is set in the land of pinwheels, inhabited by knights, ladies and elves, who all love the sight of the 
spinning pinwheels. For the Angleland faire, the knights and ladies decorate the castle with pinwheels of different 
colors and shapes, each built with pieces of wood of equal or different length (the length of the arms may also differ 
on a single pinwheel) that converge towards a central point from which flags and banners of different shapes and 
colors unravel (Fig. 5). 
A naughty magician, however, has mixed up all of the decorations, and will allow the festival to proceed only if 
the central hall of the castle is decorated with pinwheels that have arms at the same angles, while the side rooms 
must have pinwheels that have arms at differing angles (Fig. 6).  
Playing the role of elves, the participants are asked to: add or construct pinwheels with arms at the same angles, to 
be placed in the central hall of the castle; add or construct pinwheels with arms at different angles, to be placed in the 
side rooms of the castle; explain how they selected the pinwheels to be placed in the central hall as opposed to those 
Fig. 4: The pieces of the racing tracks. 
Fig. 5: Angleland. 
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to be placed in the side rooms. The solution to the problem is approached and discussed through the following rule: 
each angle of a pinwheel is evaluated by using the available measuring tool (two sticks joined at one end so they can 
rotate), ensuring that the sticks coincide with the arms of the pinwheel and their center points. 
The elves are invited to discuss how they compared the various pinwheels, as well as to make concise notes of 
what they have done, so that they can communicate the information to the magician and persuade him to allow the 
festival to take place. In other words, during the game, children are encouraged to invent one or more symbols and 
choose a code to help them remember the similarities found when comparing the pinwheels and their angles. While 
playing the game the children decide together what to say to the magician. 
The procedural architecture of all three simulation games is made up of four fundamental and indispensable 
phases: the opening, the briefing, the running, and the debriefing. 
Phase 1. Opening. This initial phase is necessary for creating the relational conditions and clearly indicate the 
procedures of the game. During the opening phase, the desired goals are specified to the pupils, and the type of 
activity in which they will take part is carefully described, explained, and questions answered. In other words, this is 
a phase in which a real educational contract takes place between the leader and the participants, which should give 
rise to positive expectations of this undertaking and stimulate pupils motivation.   
Phase 2 Briefing. In effect, this is the preparatory phase of the simulation game, during which the scenery, i.e. the 
simulated context within which the pupils will operate, is clarified, inviting them to work hard for the resolution of 
the problem and the situation at the core of the game. 
In this phase the goals of the simulation games are clearly and precisely stated, in the context of which the game 
takes place, and its characteristics are thereby described in detail, hence groups are formed, roles are assigned to 
each participant and instructions therefore provided. 
Phase 3 Running. This is the phase that enables the participants, who are fully involved in the problematic 
situation, to act, gain and share experiences; to problematize reality and take decisions on their own role; to manage 
the discovery of concepts and the application of rules, using structural materials in cooperation, under the guidance 
of the teacher. 
Phase 4. Debriefing. This is the concluding synthesis. After the running of the simulation game, the discussion 
represents a central element, as it allows the acquired experience to be absorbed and consciously taken on board. 
Some time is therefore set aside for discussion, which enables the participants to discuss the results and the actions 
undertaken during the game, thus comparing different opinions and analyzing the group’s behaviours and the 
achieved results, systematizing the learned concepts and sharing of mathematical language. 
Fig. 6: The pinwheels. 
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3. Theoretical frame and methodological choices: the identified analogies. 
Cardland, Similand, and Angleland follow the “grammar” of the simulation games. In other terms, they are 
constructed around a model of reality, where pupils act, take on the roles, and make decisions to resolve problematic 
situations using structured materials (Saunders & Smalley, 2000: Ellington, et al., 1998). Within these general 
characteristics, however, each game displays some peculiarities that derive from theoretical frame and 
methodological choices, on the basis of which they are designed. Each characteristic gives them a degree of 
specificity that all three have in common, regardless the geometric content they take on. 
The model of reality, on which the games are designed, reproduces elements of a specific reality, remaining 
faithful to it whilst reducing its complexity, through a functional representation focused on the learning task and on 
the mathematizable aspects of reality. In other words, the model creates perceptibly different situations capable of 
representing the same concept (Fregola, 1991), free from superfluous and unnecessary details and information which 
can be a source of an extraneous cognitive load (Sweller, 2003), that may cause an overload for students and 
interfere with their learning.   
With the case in question, Cardland, Similand, and Angleland present a model of reality organized around 
mathematizable aspects of isometries, similarities and angles (Fig. 7). 
In Cardland these aspects are represented on the carpet, for which there are footprints of different sizes all 
pointing in various directions. On the simply constructed carpet where there are rows of footprints and a number of 
scattered footprints belonging to visitors, positioned as follows: 3 rows which lead in the direction of the place 
where the map is displayed, i.e. as they pass in front of the site of the theft; the 1st row will lead in a different 
direction; and a number of footprints which are scattered over the carpet without following any particular path (the 
distractors). As for the characters in the game, children are also provided with different shapes which can match the 
figures in terms of symmetry (Fig. 7a). 
In Similand these aspects are represented by the identical, different and similar figures, that are the components 
of the car racing tracks and work as distractors. The three tracks, like the shapes, are similar in different size 
versions limited to double, triple, half, and a third, while the distractors are different from the shapes as they have 
some corresponding side proportional and some corresponding angles congruent (Fig. 7b). 
In Angleland the mathematizable process is stimulated by pinwheels that have arms at the same angles or at 
different angles. In this case, the distractors are the congruent angles, and the length of their arms is different, so 
they can be perceived as different (Fig. 7c).  
The model outlines a problematic situation which focuses on the task of learning as inherent to the achievement 
of the learning objectives, and it is structured according to the limits and the application of the rules of the game. On 
isometries for Cardland, on similarities for Similand, and on angles for Angleland. In order to finish the game, 
children are asked to apply the rules, using purposely built structured material as well as their body, hands, and 
gestures. The rules lead pupils to compare figures and to reveal the arising regularities, useful to the construction of 
the concept (Fig. 8). 
In Cardland these actions correspond to the isometric movements, that the pupils do to compare the figures and to 
reveal the invariance of the shape, despite different movements and others invariances (Fig. 8a). 
Fig. 7. The mathematizable aspects: (a) Cardland; (b) Similand; (c) Angleland. 
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In Similand these actions correspond to the act of “comparing“ sides and angles of the figures, in order to reveal 
proportional sides and congruent angles (Fig. 8b).  
In Angleland these actions correspond to the act of “comparing” angles, in order to reveal that they can go on to 
infinity starting from the same origin, no matter how long the length of their arms are (Fig. 8c). 
Together with the application of the rules, participants are asked to take decisions in regards to the 
communication methods, as well as on the codes they need to use to describe how they will resolve problematic 
situation. These decisions will have to be communicated to each character in the game.  
In Cardland, pupils are asked to tell the carto-general how the investigation has been carried out, and how they 
have compared the footprints using different isometric movements.  
In Similand, pupils are asked to elaborate a magic formula, that has to represent the characteristics of the similar 
figures. In Angleland, they are asked to elaborate a persuasive explanation for the magician. This formula has to 
explain how the angles and the pinwheels have been compared as well as how different and congruent angles have 
been identified.  
The simulation games are set up according to the principles of learning through guided discovery (Mayer, 2004), 
that is, they create conditions for the children to develop a gradual path towards comprehensiona and discovery of 
isometries, of similarities, and of the angles by operating together, by discussion and debate led by the teacher. In 
fact, the teacher acts mainly as a facilitator and supporter, providing hints, direction, coaching and feedback to keep 
the students on track. 
Discussion and debate among children and between the children and their teacher stimulates and directs 
awareness in the use of language, and makes it possible for each child to begin constructing the related 
representations of the isometries. Each child, while engaged in discussion with the other children, uses a semiotic 
register, possibly based on their natural language, in harmony with the child’s own way of representing reality, 
his/her abilities, and his/her abstraction skills. This way, the different levels of meaning, that both the teacher and 
the children process or attribute starting from their own knowledge or experience, form the basis for the construction 
of an intermediate code. This code, that can be described as transcoding (Fregola, 2011), preserves the aim, the 
structure, the concept or the rule of the communication and can, therefore, constitute a basis for the gradual 
construction of mathematical language. 
 
 
a The definition of comprehension given by Hiebert and Carpenter (1992) underlines the relationship between the development of comprehension 
and the structuring of connections between mathematical ideas and processes in the way in which knowledge is defined and organized. 
Fig. 8. Some rules. (a) Cardland; (b) Similand; (c) Angleland. 
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The concrete proposed model and the gradual path, create the conditions for providing children with an intuitive 
support, that leads them towards a meaningful symbolic representation of the mathematical conceptb taken on, so 
that they can understand the importance of representation in order to both comprehend and to communicate 
(Vergnaud, 1994). 
In other words, the attention given to the cognitive and social dimension of learning puts each child in the 
conditions to build new relationships and make new connections, starting from the conceptual schema already in 
their possession, guiding them to integrate their old schema with the new ones, as well as to organize their 
knowledge in compact and structured networks (Anderson, 1983 cited in Pellerey, 1999) within the framework of a 
shared experience in which “debates” are developed, in order to re-elaborate an experience (Pontecorvo, 1983), 
through a process of recognition-cancellation of cognitive elements, with different degrees of importance, for the 
purpose of the concept being structured. 
At the end of the three simulation games, the debriefing focuses on the obtained results and the implemented 
actions, as well as on the conceptualization of the discoveries, on their systematization and generalization, and on 
the sharing of mathematical meanings and terms. In particular, the teacher facilitates both the communication and 
the discussion, in order to have certain aspects come out, among which: the children recall the experience and the 
sensations they may have gained and will be sharing with their playmates; the acquired contents and the processes 
used; any analogies with real world situations; any code or symbol they may have invented, used and shared in the 
simulation game. 
4. The design model 
Despite the different contents they take on, the comparison between Cardland, Similand, and Angleland, 
presented in a parallel manner with regards to the theoretical and methodological aspects of the previous paragraph, 
revealed the specific structural characteristics that connect the three simulation games. 
Thus, each simulation game is: 
x Contextualized: it is organized around a model of reality that has mathematizable aspects. In other terms 
around a simplified representation of reality, that provides perceptibly different situations which make it 
possible to represent the same mathematical concept. 
x Focused on the learning task: it is centered on the conditions which make it possible to achieve the 
learning objectives. 
x Structured: it is organized around a set of pre-established rules and restrictions, as well as structured 
according to different phases of development. 
x Based on the transcoding pattern: it is organized around several levels of abstraction, correlated to the 
methods used by each child to represent concepts and use natural language to represent them. 
x Cooperative: it requires the participation and involvement of all participants in order to solve the 
problem. 
x Targeted: the participants are asked to find a solution to the problem and to achieve the game objective, 
with the aim of sparking curiosity and create enthusiasm. 
x Gradual: focused on comprehension and guided discovery of the concepts. 
x Based on the assumption of roles: participants are asked to act according to the role they are assigned to, 
and within the limits and rules of the game. 
 
 
b In regards to transcoding, it may be interesting to reflect on the fact that some mathematicians have attempted to translate some concepts into 
mathematical codes. For example, on the concept of concept, it is interesting to dwell on the views of Gerard Vergnaud (1994). He formalized 
that a Concept can be indicated by the letter  C, with a trio: (S, I, s) where: 
S, the series of situations that give meaning to the concept, and from which the concept takes sense; 
I, represents the relational invariants which the learning subject implements, and subject to the mental operations brought into play by the subject; 
s, the significants, i.e. symbolisation which, starting from natural language, can cross different linguistic codes that support comprehension and 
encourage the formal communicable representation of an internal representation which the subject has gradually built. 
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x Interactive: it is focused on visual-perceptive activities as well as on manipulation of structured material 
and symbolic representation. 
 Together with the described common structural characteristics, Cardland, Similand, and Angleland present a 
development of the isomorphic (Hofstadter, 1997) didactic process. The measure by which they show this 
development, depends on how much the structure of each game corresponds to one another, regardless of the 
contents faced. In terms of learning/teaching process, each phase of the game’s development plays an analogous role 
in all the three games, and same with the concatenation of the different phases. 
 The observed isomorphism among three simulation games highlights the invariances that step in the didactic 
process of the three games, that can be connected to an abstract conceptual scheme, formalized in the design model 
hereby presented. This scheme may be used as a guide for the design process of simulation games for learning 
geometry in both the scholastic and educational field. 
According to some proposals emerged from recent studies (Kriz & Hense, 2006), the approach of the design 
model will be reconducted to a logic of complexity, both in the organization and in the structural process of the 
design. 
With regard to the organization, the approach highlights a close interdependence between the theoretic 
dimension, the empirical aspects, the participants’ characteristics, and the context of use of the game, drawing 
attention on how the design is composed of a set of many interconnected dimensions. 
The process highlights the dynamicity of design, that is characterized as non-linear, and implies acting almost on 
drafts, connecting theoretical and methodological aspects as well as ideas, syntactic and grammatical aspects of the 
simulation games, and goes back on itself, to re-calibrate on empirical results, on the observation of games while 
they are played, or restructuring in relation to a change in the students target (Dick et al., 2005). 
Within this approach, fundamental importance is assumed by: 
x The developed design criteria which can orientate both choices and the process itself, in close 
connection with the related theories, the methodological choices, the characteristics of the learning 
subjects, its context of use and every and each component of the game, between model and reality; 
x The moment of assessment, intended as a chain of decisions strictly interrelated with designing, 
establishing a circular relationship and becoming a chance for both the redefinition of the initial project 
hypothesis, and for a detailed micro-designing according to the learning subjects and the context of use 
of the simulation game. 
Figure 9 represents the conceptual scheme of the design model. 
The quadrant aims to highlight the interconnection and the interdependence between the characterizing elements 
of the model, organized (the elements) in a dynamic space. 
The description of the scheme is focused on three aspects. 
The external quadrants indicate the methodological and theoretical frame, the subject’s needs and the two poles 
(model and reality) around which the simulation games is structured. These allow us to identify the orientation of 
the concrete work hypothesis that develop through the educational-didactic designing of simulation games. 
The four corners in the external quadrants indicate the structural aspects of the simulation games. 
The central space points out the design and assessment criteria, oriented towards the structural aspects, and with 
the elements of the external quadrants.  
The design criteria are represented in a dynamic key, within the quadrant, oriented to the different dimension that 
become more predominant to define the criterion itself, as it can be deduced from the analytic description shown 
below. 
x Coherence of the construct: it refers to the coherence between the psycho-pedagogic reference theory, 
the general objectives to be achieved, and the reality model within which the methodological and 
operative dimensions can come into play in order to achieve the objective. 
x External coherence: it refers to the isomorphism between reality and the reality model on which the 
simulation game is based. 
x Internal Coherence: it refers to the coherence, interdependence and connection between each of the 
simulation game component, in the defined reality model, and the connection between the goals, general 
and specific objectives, the prerequisites, and the contents. 
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x Playability: it refers to the game when the contestants are left to play, and it brings pleasure and 
amusement. 
x Gameness: it refers to having rules which work in a manner such that it makes the game relevant (Duke, 
2007). 
x Functionality: it refers to the adequacy of the rules in relation to the game objectives and the roles 
played during the game itself, in order to allow the game to be played. 
x Graduality: it refers to the path developed in a gradual way, in order to enable the achievement of the 
learning objectives. 
x Appropriateness: it refers to the convenience of the problematic situation and the scenario against which 
the problem is set, in relation to the achievement of the objectives and the learning goals. In other words, 
the aim is to see whether the problem situation is appropriate for the participants achievement of the 
game objective, and of the learning goals. 
x Accessibility: it refers to the clarity of the procedural documents, the language used in the game, the 
symbolic structure used for coding and decoding the faced contents. 
x Usability: it refers to the possibility for the children to access the mathematical code used and 
constructed. 
The design and assessment criteria have been assessed and validated in a previous research carried out with 
Cardland (Piu & Fregola 2013). In particular, the methodological-didactic effectiveness was related to 
comprehension and achievable levels of abstraction of the isometric concepts, as well as to the memorization of the 
concepts, and construction of the mathematical language from the natural language of the pupil. 
  
Fig. 9Design criteria and conceptual diagram 
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